Digital Image
Processing:




CONTINUOUS IMAGE b
MATHEMATICAL CHARACTERIZATION

e There are two basic mathematical
characterizations of interest: deterministic
and statistical.

e |n deterministic image representation, a
mathematical image function is defined and

point properties of the image are considered.

e For a statistical image representation, the
Image Is specified by average properties.
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IMAGE REPRESENTATION

o Let C(x,V,t, A) represent the spatial energy distribution
of an image source of radiant energy at spatial
coordinates (X, y), at time t and wavelength A.

e The physical imaging system also imposes some
restriction on the maximum intensity of an image, for
example, film saturation and cathode ray tube (CRT)
phosphor heating. Hence it is assumed that

O0<C(X,y,t,A\) <A

13:21 3



CONTINUOUS IMAGE MATHEMATICAL °
CHARACTERIZATION

e For mathematical simplicity, all images are assumed to be nonzero
only over a rectangular region for which
—LX = X < LX
—Ly<sy<Lly

e The physical image is, of course, observable only over some finite
time interval. Thus, let

_T<tsT

e The intensity response of a standard human observer to an image
light function is commonly measured in terms of the instantaneous

luminance of the light field as defined by

Y(x,v, 1) = Jm C(x, vy, t, \)V(L) dA
0
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CONTINUOUS IMAGE MATHEMATICAL ece:
CHARACTERIZATION Cont... :

where V(M) represents the relative luminous efficiency function.

For an arbitrary red—green—blue coordinate system, the
Instantaneous tristimulus values are

Rx,v.1) = [ C(x,v. 1. MR(N) dAr
0 Y

G(x, v, t) = Jm C(x,y, 1, A)Gg(A) dA
()]

B(x, vy, t) J‘m C(x,y, 1, \)Bg(A) dA
0
where Rg(A), Gg(A), Bs(A) are spectral tristimulus values for the

set of red, green and blue primaries.
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TWO-DIMENSIONAL SYSTEMS

e A two-dimensional system, in its most general form, is simply a mapping of

some input set of two-dimensional functions

F1(x,Yy), F2(X, y),..., Fy(X, ¥) to a set of output two-dimensional functions

G1(X, y), G2(X, ¥),..., Gy(X, ¥), Where (- » < X, y < «) denotes the
iIndependent, continuous spatial variables of the functions.

This mapping may be represented by the operators O, { - } form =
1, 2,..., M, which relate the input to output set of functions by the

set of equations
Gy(x,y) =0 {F (x,y). Fy(x, y), ..., Fy(x, y)

Gm{'\-‘ V)= Om{ Fl("'- y), FQ{-Y- \J FN(.-\'. V)]

|, specific cases, the mapping may be many-to-few, few-to-many, or one-
to-one.The one-to-one mapping is defined as G(x, y) = O{F(x, y)}

Gy, ) = 0 F(x,9), Fy(x, ), ooy Fplx,y)}




Singularity Operators .

e Singularity operators are widely employed in the analysis of two-
dimensional systems, especially systems that involve sampling of
continuous functions. The two dimensional Dirac delta function is a
sinaularity operator that possesses the followina properties:

r JE o(x,y)dxdy=1| for >0
¢

—£

Jm Jm F“; ]“(SLY_E:,..T—]]){fith] = F(x, :._~)

—0 o —00

In first eq. € is an infinitesimally small limit of integration; The second
eq. is called the sifting property of the Dirac delta function.
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Singularity Operators Cont...

e The two-dimensional delta function can be decomposed into the
product of two one-dimensional delta functions defined along
orthonormal coordinates. Thus

0(X, y) = 0(x)o(y)

The delta function also can be defined as a limit on a family of functions.
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Additive Linear Operators

e A two-dimensional system is said to be an additive linear system if
the system obeys the law of additive superposition. In the special

case of one-to-one mappings, the additive superposition property
requires that

Ofa Fi(x, y) + aF,(x, ¥)} = a,OfF (X, y)} + a,0{F,(X, y)}

where al and a2 are constants that are possibly complex numbers.

A system input function F(Xx, y) can be represented as a sum of
amplitude weighted Dirac delta functions by the sifting integral,

F(x,y) = r} Jm F(E, n)o(x=C, y—1)dEdn

Where F(g, n) is the weighting factor of the impulse located at coordinates (¢, n)

ia:the x—y plane 9



Additive Linear Operators .

e If the output of a general linear one-to-one system is defined to be

G(x,y) = O{F(x, y)}

then
G(.\“,y):()“mj F(Em)d(x-E,y- n)dgtm} (1.2-8a)
or
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Additive Linear Operators cont..

e In moving from EqQ. 1.2-8a to Eqg. 1.2-8b, the application order of the
general linear operator and the integral operator have been reversed.
Also, the linear operator has been applied only to the term in the
Integrand that is dependent on the spatial variables (x, y). The
second term in the integrand of Eq. 1.2-8b, which is redefined as

H(X, y; &n) = O{6(x =&, y —n)}

IS called the impulse response of the two-dimensional system. In
optical systems, the impulse response is often called the point
spread function of the system. Substitution of the impulse response
function into Eq. 1.2-8b yields the additive superposition integral
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Additive Linear Operators cont.. .

H(x,y:&,m) = Hx-§, y-m)

An additive linear two-dimensional system is called space invariant
(isoplanatic) if its impulse response depends only on the factors x — ¢
andy —n.

For a space-invariant system

G(x,y) = J'm r} F(E,n)H(x, y: & n)dEdn

—00 J—00

and the superposition integral reduces to the special case called the
convolution integral, given by

G(x,y) = Jm T F(E,M)H(x—E, v—1) dE dn

—

Symbolically,
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DIFFERENTIAL OPERATORS

e Edge detection in images is commonly
accomplished by performing a spatial
differentiation of the image field followed

oy a thresholding operation to determine

points of steep amplitude change.

e Horizontal and vertical spatial derivatives
are defined as 4 - W)

% oy

d = dF(x.v)

d
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DIFFERENTIAL OPERATORS |se?
...cont

e Spatial second derivatives in the horizontal
and vertical directions are defined as

d Fix,v)
ax

{.'Il:'l. X =

d = -:'31!*'{.1:,1'1

e The sum of these two si:;atial derivatives is
called the Laplacian operator

a"ff{x: ) +:.|"ff'r..1:_1-:
dr” o™

VH Fix,v)} =
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TWO-DIMENSIONAL FOURIER
TRANSFORM '

e The two-dimensional Fourier transform of the image function
F(Xx, y) is defined as

flo,0) = Jm Jm F(x,y)exp{-i(o.x + w},l\')} drdy

=00 J—00

where w, and w, are spatial frequencies and i= V-1
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TWO-DIMENSIONAL FOURIER)| ss:¢

TRANSFORM cont... E

e |In general, the Fourier coefficient #w,. w )
IS a complex number that may be
represented in real and imaginary form,

Ao o) = Rw_, o )+illw, n)

e Or In magnitude and phase-angle form,

Aw,w,) = Mo, o )exp{iplo,w)}
. + . 1.2
e Where Mo, o) = [Flo, o)+ (o, o)
_ { Iw,, w,) ]
DI:L:Jl. @ ) = arctan : -
] L .-_E-t t:-"l- 'LDI__.'
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TWO-DIMENSIONAL FOURIER | 223

TRANSFORM cont... :

e The input function F(X, y) can be
recovered from its Fourier transform by
the inversion formula

Fix,y) = ,.].: [ [ Flw, w )exp{ilwx+wy)ido_do
PR . ; x4,

e Or in operator form &) = 05 (e, o)

e The functions Flx.») and 7+’ are called
Fourier transform pairs.
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TWO-DIMENSIONAL FOURIER 0000

TRANSFORM oce
SEPARABILITY

e |f the Image function Is spatially separable
SUCh that Flx,y) = f(x)f,(y) then j}l_[ml., w,) =_ﬂ.[m_1.:l_£_tm_l_]'

where f(w ) and f(mw ) are one-dimensional Fourier transforms of f (x) and
£, respectively. Also, if F(x,y) and Flo,w) are two- dimensional Fourier
transform pairs, the Fourier transform of F#(x,y) is 7*(-a, ,~@,). An asterisk”
used as a superscript denotes complex conjugation of a mrmhle (ie. if F = 4+iB,
then F* = 4 -iR). Fially, if F(x,y) 1s symmetric such that Fix.y) = F(=x, -v).
then flw, © ) = Fl-0, -0 ).
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TWO-DIMENSIONAL FOURIER 0ooo

TRANSFORM oce
LINEARITY :

e The Fourier transform is a linear operator.
Thus

OpaF(x,y)+bF;x,y)} = afhlo,w)+bklo, o)

e Where a and b are constants.

13:21 19



TWO-DIMENSIONAL FOURIER ooo

TRANSFORM °
SCALING

e A linear scaling of the spatial variables
results in an inverse scaling of the spatial
frequencies as given by

. | o O
O {F(ax, by)} = --_'F[-_-]
- ' labl "\ a b

e Hence, stretching of an axis in one
domain results in a contraction of the
corresponding axis in the other domain
plus an amplitude change.
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TWO-DIMENSIONAL FOURIER 0ooo

TRANSFORM oo
SHIFT :

e A positional shift in the input plane results
In a phase shift in the output plane:

U}-{ Flx—a,y-b)} = Ao, o lexp {-ilwa+whb)}
e Alternatively, a frequency shift in the

Fourier plane results in the equivalence

!’}_.jl | Ao _—a,w —b)} = Flx,y)exp {ilax + by} }
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TWO-DIMENSIONAL FOURIER 0ooo

TRANSFORM oo
CONVOLUTION :

e The two-dimensional Fourier transform of
two convolved functions is equal to the
products of the transforms of the functions.
Thus; o0,{Fx.y) ® Hx, )} = Ho,0)Ho, o)

e The Inverse theorem states that

04 {Fx,p)H(x.y)} = —H0,0)® Ho,0)
dn
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TWO-DIMENSIONAL FOURIER 0ooo

TRANSFORM oset
PARSEVAL‘S THEOREM :

e The energy In the spatial and Fourier
transform domains is related by

[“ [ Fepldcdy = = [ [ |flo, 0,)| do, do,
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TWO-DIMENSIONAL FOURIER 0ooo

TRANSFORM 020

AUTOCORRELATION THEOREM o

e The Fourier transform of the spatial
autocorrelation of a function is equal to the
magnitude squared of its Fourier
transform. Hence

{}:Fh.m. | Fla, IF(o-x, B-y) dodfy = | 7o, o)
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TWO-DIMENSIONAL FOURIER ooo

TRANSFORM b
SPATIAL DIFFERENTIALS

e The Fourier transform of the directional
derivative of an image function is related to

the Fourier transform by . {;”,-,;_T_ 1.}}

= —jm,Flow,, w )
at I~ i § L

e the Fourier transform of the Laplacian of an
Image function is equal to

dJ !f'[nr‘. ¥) + a Fi E vl

.
¥ } _
e &

] = —(w, +w ) Ao, o)
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TWO-DIMENSIONAL FOURIER oe:
TRANSFORM EXAMPLE

e Consider an image function #ix.») thatis the
iInput to an additive linear system with an
Impulse response Hix, y)

e The output image function is given by the
convolution integral G, = [ [* Fle. g -0y - B)do B

e Taking the Fourier transform of both sides
and reversing the order of integration on the
right-hand side results In

Glo, w,) = J - ' Flo, E}[J ) l Hix—o,y—Blexp {—i(wx+wy) }.-:fxn_‘l':ldtt dp
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TWO-DIMENSIONAL FOURIER o°
TRANSFORM EXAMPLE cont...

e The Fourier transform shift theorem, the inner
iIntegral iIs equal to the Fourier transform of
multiplied by an exponential phase-shift #x.»)

factor.
° ThUS Glo,w) = [ J Flo, B)Hlm , o Yexp {—ilm o+ o B)}dodp

e Performing the indicated Fourier
transformation gives &l@. o) = Hlo, o )fo,. o)

e Then an inverse transformation provides the
output imaae function

Glx.y) = == [ [T #Miw,. w) Ho, o )explilox+ny)}do, do,

4= T
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IMAGE STOCHASTIC 13
CHARACTERIZATION

e The statistical characterization of images assumes general
familiarity with probability theory, random variables and
stochastic processes. For continuous images, the image
function F(x, y, t) Is assumed to be a member of a
continuous three-dimensional stochastic process with
space variables (x, y) and time variable (t).

The stochastic process F(X, y, t) can be described
completely by knowledge of its joint probability density

f i Y- o G 1
PAE G Fyoois B gl X4, Y15 s Xy Yoy by o0y X33 Yy, 7

for all sample points J, where (x], yj, tj) represent
space and time samples of image function Fj(xj, yj, tj).
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