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Linear Regression Model W

Training datasets

—(xy) =(4,7), (8,10), (13,11), (17,14) ‘
Hypothesis n1 | Ton
hy(X) = 6, + 6, x sl |
Parameters
- 00, 61

Cost function o

1 c i i 0 !
J(00,61)=52(h0(x( ))—y( ))2 0 5 1: 15 20

i=1
* Objective function (measurement of the goodness) ‘

min J(6,,6,)
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Class design / How to usw

# from numpy as np /

# X = np.array([[1,4],[1,8],[1,131,[1,17])) — X = [0, x1]
#Y =np.array([7, 10, 11, 14]) _

>>> import datasets o (x)= 0%, + 61, = 2 b
>>> X, Y = datasets.load_linear_example1() | (=0, +6,x

>>> import regression G J
>>> model = regression.LinearRegression()

>>> model.fit(X, Y)

>>> model.theta

array([ 5.30412371, 0.49484536])

>>> model.predict(X)

array([ 7.28350515, 9.2628866, 11.7371134, 13.71649485])
>>> model.score(X, Y) # RSS

1.2474226804123705

https://github.com/naltoma/regression-test.git

BRI BEIC. AAX HAYZE np.array B THETHEDET S, Nl scikit-
learn Z1E{HL =55 5172, D T—2 1Yk datasets EV 21— )L THETHLD
EL. EEEO—R2TICRYX, YEZITERD , xODS/N\A T AR D EH(=1) LD IELFTH
DEBYEZ, ZD1=H. BIZIEHUTILIBE D [1, 4] 1E. EERICIFTIRTOHEHA4
FIFDEREDANTHY ., 1HUINATRAD AN, ZDRIL scikit-learn &[XE
1> TS, Scikit-learnIZRS T . CDKIG/N\A T RAADEHIAILET ILAITERE
LTH5=8. KEIIFERIMNLIZEDHBLENGEL, SEIZFHERLYOITLTS
=12, 2D XIEERETZEL TS,

FNDk. BEZEIBET ILE regression EL1—I)LTAHELTHEE. ETI/ILEAEL
f=8 & T model fit IZ&KYE S (FH) S5, COfitEAEB D F 5N EIERO =175
SBEIZES, T, FETEHLNTZ/ AT A—4(L model.theta [TRTFESNDEDEL
&£, FE&IL model.predict IT&YF BT HEMNETEETHY. model.score THERE
FEAFCKDRATEIRT LOITL&KD,

CDESZ VAT LEEONSEBBIZIZEDLSIZFIHTEIMNELSHRENSER
HREZZTHBERW, SEIFCDHRSTHEZTIZ. BELTLNS,

ZDRIZEFLEED2—ILTHS numpy IZTDWVTELIEBNT 5,



regression AT @

>>> import importlib
(Ve r.2: f|t()) >>> importlib.reload(regression)

>>> model = regression.LinearRegression()

>>> model.fit(X, Y)

>>> model.theta

array([ 5.30412371, 0.49484536])

def fit(self, input, output):

self.theta =
np.dot(np.dot(np.linalg.inv(np.dot(input.T,input)
),input.T),output)

0=(X"X)'X"Y
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Linear vs. Non-linear (input vs. output)
° o \ /
. - \ /
7 - \
- \ /
: _— 1\ /
—
// \ /
=) x.}_/’/”
0 5 10 15 20 1 0 1 2 3 4 5
http://gihvo.jp/dev/serial/01/machine-learning /0008
http://gihvo.jp/dev/serial/01/machine-learning/0009?page=2
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http://gihyo.jp/dev/serial/01/machine-learning/0008
http://gihyo.jp/dev/serial/01/machine-learning/0009%3Fpage=2

“Linear” Regression model

* Linearity
— This means that the mean of the response

variable is a “linear combination” of the
parameters (regression coefficients).

— When the feature(s) include non-linear variable(s)
with raw feature, the model can explam a “non-
linear” phenomena.

—e.g., y=a+bx+cx2+dx3

h(x)=20<1>(x) 2
he(x)=90+01x% >”*

BEEIRETILIZCETATER 1 EXRIZA5D\ $EEEIEETIVICE 5181
(X, BEfEEVSTEIFEBRLTULVEL, BIZERHERBAE B DOFERF0 (linear
combination) TRIEINLHEEITER U*L'CL\é BIZIERZARIZHDEIIZy =
a+bx+ox2 DEIBHETHOTHREEIRETILTHY .. CHIXASixEH AyD
BERIXIELEIZH D, COKSITEBEIGETIILIXRBAERDOAEDEARET
(X&YFEEBLGREMNEIEETH S,



Polynomial expansion
(polynomial regression)

» expansion of h(x) with 2nd degree of
polynomial function.

hy(x)= Y 6,0,(x) =6, +6,x+6,%"

BAEHMZEHRT AHIEL T, COTII2R I HAEFETEENO A TRHZATLT
HEI CNERELTHDHEICT D,

10



H X

(BT )BERBETILORE BFEEERROZEIEFER
A AIZHIT 54 LR RFILT41E (L2-norm) DE A
ETILORIHE EEBE2(RFILTIDEA)
BERBETILADOZEXE - RERYS— HIRTHFAY
RN (RS ~ regression py DY
EREE (RidgeRegression())

- RER)I— VSATHAY
- gr)mpyTlps(EﬂfllﬁtA BI4T

— datasets.py ~NBIEAETILILE
BEH (h(x)=x+x"2) D&

- EIRSA U HEICLSBERER

— datasets.py ~NBERAET LILIR
BH L (h(x)=x+x"2+xA3) DB N

- BRI B L HBERER

— RidgeRegression.fit() BT

- RFILT1DENREREE
BERYE

iﬁ?ﬁ%ﬁ(ﬁ%ﬁ%)

— FIMza—FH

— scikit-learn SA7S5ZRW51=%

DIZREIE
— sklearn.cross_validation Z{#>7=
=HER

BEXH

11



Policy of implementation

* don’t change the regression model
(regression.py)

* the input X must be expanded with
polynomial function, before model.fit().

FFRDRGHERET BRI, 22D A SR> TRAS, 1D B (FBRIZfE R L= #3T
BlIFET JL (class LinearRegression) IZIXFE#MMZ 4L, 22 BIZ, ASix%E
polynominal B # CHRARL 7= T—2Z B EL. T Emodel.fit()IE RIS A5 TE
#ELELS,



[before] Class design / How to use W

# from numpy as np

# X = np.array([[1,4],[1,8],[1,13],[1,17]])
#Y =np.array([7, 10, 11, 14))

>>> import datasets

>>> X, Y = datasets.load_linear_examplel()
>>> import regression

>>> model = regression.LinearRegression()
>>> model.fit(X, Y)

>>> model.theta

array([ 5.30412371, 0.49484536])

>>> model.predict(X)

array([ 7.28350515, 9.2628866, 11.7371134, 13.71649485])
>>> model.score(X, Y) # RSS
1.2474226804123705

https://github.com/naltoma/regression-test.git

RIPRBY: T—R2I(=2TH
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[after] Class design / How to use

# from numpy as np

# X = np.array([[1, 0.0], [1, 2.0], [1, 3.9], [1, 4.0]])
#Y = np.array([4.0, 0.0, 3.0, 2.0])

>>> import datasets

>>> X, Y = datasets.load_nonlinear_examplel()
>>> ex_X = datasets.polynomial2_features(X)
>>> import regression

>>> model = regression.LinearRegression()

>>> model.fit(ex_X, Y)

>>> model.theta

array([ 3.98420277, -3.57732329, 0.8088239])
>>> model.predict(ex_X)

array([ 3.98420277, 0.06485179, 2.33485345, 2.616092 ])
>>> model.score(ex_X, Y) # RSS
0.82644459426227579

https://github.com/naltoma/regression-test.git

T B4 5

FFDEADERE S THD.

BCT—2tyrCIXERTALTES. BG5T—2tvt%E
datasets.load_nonlinear_examplel() IZEHEL&LS,

FNARET—RTHY. Th%E polynominal2_features() [ZLEY2RDIBEFTELT—
RHRET B,

FDEIZYERL=T—42%Z BT fit, predict, score LTLV3,



Numpy Tips (array concatenation)

>>>a=
np.array([[1, 2, 3],
(4,5, 6]])
>>>b =
np.array([[7, 8, 9],
[10, 11, 12]])
>>> 3
array([[1, 2, 3],
(4, 5, 6]])
>>>b
array([[7, 8, 9],
[10, 11, 12]])

>>> np.r_[a, b]
array([[ 1, 2, 3],
[4, 5, 6],
[7, 8, 9],
[10, 11, 12]))
>>> np.c_[a, b]
array([[ 1, 2, 3, 7, 8, 9],
[4, 5, 6,10,11, 12]])
>>> np.eye(2)
array([[ 1., 0.],
[0, 1.]])

TV bR SRR, ERIGEBREFIRLTLND,

np.r_[F2 2D 1T5IEITARIZHEET 5.

np.c_ XN ARIZHEET 5.

np.eye (X AITIIZAETES,
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# testing
datasets. py >> import datasets

>>> X, Y = datasets.load_nonlinear_examplel()

>>> ex_X = datasets.polynomial2_features(X
(Ver.2) >>> ex_X Pov - ™
array([[ 1., 0., 0. ],
[1., 2., 4.],
[ 1., 3.9, 15.21],
[1., 4., 16.1]])
>>>Y

array([ 4., 0., 3., 2.])

def load_nonlinear_examplel():
X =np.array([[1, 0.0], [1, 2.0], [1, 3.9], [1, 4.0]])
Y = np.array([4.0, 0.0, 3.0, 2.0])
return X, Y

def polynomial2_features(input):
poly2 = input[:,1:]**2
return np.c_[input, poly2]

— 8.5

datasets.py T, ILWL\VT—2 V& 2EDIEFEMT HEHEAELLS, SHIE
BATRANETIEENGKTRLD, BIERERRIZL &S,
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illustrate the model.predict(): nonlinear_ex.py

import numpy as np
import datasets
import regression

X, Y = datasets.load_nonlinear_examplel()
ex_X = datasets.polynomial2_features(X)
model = regression.LinearRegression()
model.fit(ex_X, Y)

samples = np.arange(0, 4, 0.1)
x_samples = np.c_[ np.ones(len(samples)), samples ]
ex_x_samples = datasets.polynomial2_features(x_samples)

import matplotlib.pyplot as plt
plt.scatter(X[:,1], Y)

plt.plot(samples, model.predict(ex_x_samples))
plt.show()

RELETF—2tyrEALSE, ERa—RIZkY4BR0OHL TILERBERETIL
TEBE BT R TE ST, MatplotibD L/, IS T —2DIEEH A
EFHRLLS,
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d # testing
. >>> import datasets
ataSEtS py >>> X, Y = datasets.load_nonlinear_examplel()
>>> ex_X = datasets.polynomial3_features(X)
(Ve r'3 ) >>>ex_X
array([[ 1. , 0. , 0. , 0. ],
[1., 2., 4., 8. ],
[1. , 3.9, 15.21, 59.319],
[1., 4. ,16. , 64. ]])
>>>Y
array([ 4., 0., 3., 2.])

def polynomial3_features(input):
poly2 = input[:,1:]**2
poly3 = input[:,1:]**3 SN
return np.c_[input, poly2, poly3]

FIRIT2FEDIEE S H S polynomial2_features ZREL-A . SEII3FENEET
WERL TH KD COERIK, KUEHGEREZRINITHLZHERT DO THS,



illustrate the model.predict(): nonlinear_ex2.py

import numpy as np
import datasets
import regression

X, Y = datasets.load_nonlinear_examplel()
ex_X = datasets.polynomial3_features(X)
model = regression.LinearRegression()
model.fit(ex_X, Y)

samples = np.arange(0, 4, 0.1)
x_samples = np.c_[ np.ones(len(samples)), samples ]
ex_x_samples = datasets.polynomial3_features(x_samples)

import matplotlib.pyplot as plt
plt.scatter(X[:,1], Y)

plt.plot(samples, model.predict(ex_x_samples))
plt.show()

polynomial3_features C3EIZHLRLI=T—2 YN L GEAL TH = BERID &
SNITROBEBERIETETCWSED D ID, T 2RDIGFEELERDE, TEM
[ZHIBLDIEIMT4YRL TS EIIZHZBL ., scoreDELRULNEAS, (FEEL
THEI)

STC.ZOLSHTETFILORREADRA L X, SEIEZT—42EyrDHLEIZLYE
IBLE=A. CNIFETILHRE TLRIBOZENAEETH D, CCTREIEELTHTK
BELOMNECEFTRIBEENFR LS EDIDNRRAMNEDMN I EWLVSB A, DR
[CDNWTEZRD=H. BEFERFILTAEVSBEZTEALLS,
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H X

« (BE)IFRZ)T  REFEE BFE KRNG5 F B
(BT )REEBETILORERE RFIVT4E(L2-norm) DEA
o AHAITHITEERFEIERT EEBE2(RFILTIDEA)
« ETILOHHEYE - RERYI—, 75?;;7'*9’4/
. =f — regression.py O
;ﬂ;g Aj(ﬁfjj uég.g)ﬂ%%ﬁ_t:eT I(‘RgldgeRegr%isnon())
— RidgeRegression.fit() BT
- ERRE1 - RELTAOMRAREE
- RER)I—, 7717"'%{*/, - REERE
= Giyrey Tes(ReAlfaS. BiLf RERE (REHD)
— FAED—FHI

— datasets.py ~NBERAETILILER
BEHL (h(x)=x+xA2) DB

- EIRSA B L ABERER

— datasets.py NBIEAET ILILE
BE B (h(x)=x+xA2+x"3) DB

- ERSAHBEICLSBERER

— scikit-learn SA7S5ZRW51=%

DIZREIE
— sklearn.cross_validation Z{#>7=
=HER

BEXH
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the parameters vs. over-fitting

* nonlinear_ex.py (2nd degree of polynomial)
— model.theta = [ 3.98420277, -3.57732329, 0.8088239 ]
— model.score = 0.82644459426227279

* nonlinear_ex2.py (3rd degree of polynomial)
— model.theta =[ 4. ,-16.91430499, 10.81072874, -1.67678812]

— model.score = 4.1869905232912016e-22
* Over-fitting

— A modeling error which occurs when a function is too closely fit to a
limited set of data points. Over-fitting the model generally takes the
form of making an overly complex model to explain idiosyncrasies in
the data under study. In reality, the data being studied often has some
degree of error or random noise within it. Thus attempting to make
the model conform too closely to slightly inaccurate data can infect
the model with substantial errors and reduce its predictive power.

— http://www.investopedia.com/terms/o/overfitting.asp

RESA. T—5A4

2ROEFTHRLRIC. ETIANEBICKYERLI/NTA—E20L ZOBRDOZRDT,
3RDIBEFETHIRLIZIRIC, ETIILHEBICKYEFLIZ/ATA—50L, TOBREDORXIT , TNENERLTLVS,

MEBDRAATHLE T BHEEEIMIBROT—ADNRN, ECARCIIZITREWERORMNH S, T1IT
[F—ARtyrEBEIERLTETRY. FAEDY U T IV ERBEIZRBLIE VSIS, KELLIET—4
YR ERBREICRIETEDETIILIEEELWMIT N, 25257 —2 VI TOREREIEEETIIALY,
BERAMSHSNISEEN-YUTILESISRET . TORIENAIZRYNHDIGEICIIBEREZRIETS
DTIFELEFDH VT ILESICLMBEE L TWVEWRBEYLGETILELS>TLES, T EAMIZHOPEH
TIVESIZIZ/ARIEEENDEEZBHREL, Bz [ETwitterl 2B T BlikelFE D LHLEER THEN TS
B3 CNIFASEIETHY ., BIROIENLL, T, B2 TOVVILTLESIZELHBED5, ZD KT/
AREEOH VT IVERZBEICIERALTELETILIL RMDOY LT ILIZH L TIFEBENKELAL D —R
ML LD, COEITIRRIZHEAHZEETBRE | EFEAL,

http://www.investopedia.com/terms/o/overfitting.asp

WP TIHEROD, BEZIZMEOTULBETILIZBVTIEZ/ S5 A2\ GiH S KEHEE DT —ANT I H 5.
HRED2RETIVEIRETIVIZEITEINGA—3E R RSB L 2RDETILIFIHEIZIRE-TLSDIZHL .,
3RDETIVIE2HTDINTGA—FMNETETUND, KELR/NTGA—IHHEHIENELLEELH LD, BiIHICKE
FTEDINGA—AF, BLOBEHBEREELTETNBRIENZ L, FDT=0 ., INSA—2DKESIZHT S

RFNTAHEEZBETIDESITKRRENZ ST RET S,

BE. ERBOME-T=H 2T IL1IE reporting bias FEERTENH D, MIZEFRRIENAT RO/ A XNH 5, 5
I TEED Fairness S8BT HEWNEDS,

https://developers.google.com/machine-learning/crash-course/fairness/video-lecture
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://scikit-learn.org/stable/auto _examples/model selection/plot underfitting overfitting.html
Underfitting vs. Overfitting

This example demonstrates the problems of underfitting and
overfitting and how we can use linear regression with polynomial
features to approximate nonlinear functions. The plot shows the
function that we want to approximate, which is a part of the cosine
function. In addition, the samples from the real function and the
approximations of different models are displayed. The models have
polynomial features of different degrees. We can see that a linear
function (polynomial with degree 1) is not sufficient to fit the
training samples. This is called underfitting. A polynomial of degree
4 approximates the true function almost perfectly. However, for
higher degrees the model will overfit the training data, i.e. it learns
the noise of the training data.

Degree 1 Degree 4 Degree 15

— Model
— True function
*e Samples

— Model
— True function
*e Samples

A | Ay

— Model
— True function
\ s*e Samples

http://scikit-
learn.org/stable/auto_examples/model_selection/plot_underfitting_overfitting.html

BEEICHE>TOSIRRZ AL ABRERRIELI=T S0 LEBEL TH &S, TRIF3D
DEGHRBEHRIETTILOFEREZLARATNS, BRIZBEVLWTERIEYUTILTHY. #%

BIFBARARELGEDERTHD, YO TILIEANCLLED /A XEET T8 BRHILIE

ETFIZDLTNBRRICME T 51 HDHENBRTED, F-. BEHITHLERMIF
THUTIWERFLTWSDIT TR FRMERICFE-TEY, P ROMIEZE
LELT R EYMIEENTLGENIELEBITES,

COESTRR T, JBL U UTIVEIRDIEL T RSB ERET L TEELERN
Degree 11 TH D, RHEICETHAYDIERIZH L EIFEHTLDLDD. EDFRIC
L TRIRENNFELTLS, COKI%KIRZE underfitting EFFE.S, HEA D Degree 4
. HUTILDEDBRELVIATEFELET L THY . LTOENE-O>TNVS (=REMN
HOoTWB) YT I BRI TESRELEN, ENBRERLUARBEIFZIEE->TIVS, C
DEIBETIVE . NATRAO/AREELT—A I SFEETEAENEELL, Ch
(ZxtLER D Degree 15 &, ETILDRIBEENIIETEEL ZLDHUTILEFZIZHFREIC
BEDIILTHBEEFLTLS, LHWLEDLL, ENBRERLEARDERE(ELY, HIC
T—=REYMIEENTWEIN =R RNSEIHDBIZDNWTIFRENKET TS, F-.
T ILNENGEYIZH o= F T D EHI DN TEBIFIZFIZTA2FREHALTEY.
MRENKRETTES, COLSTIKRENEFE (overfitting) | EFES,
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Some ways to avoid over-fitting

ready for HUGE dataset.

develop the dataset to quality. (more
noiseless)

penalize overly complex models.
— e.g., complex models = largest parameters

test the model’s ability on unseen dataset.
— e.g., cross-validation tests

BEEERTE=-ODDORERHETIO—FERLTNS, TTE—IZ. T—4tvhk
EIhFETERELFILLEDS R, T—EEIrDBEERETESAELIEFSLELS, 3
DEIF. ETILD/INGA—ZIZRHLTRFIVTAEE5Z BT ET, BIDRASARTEED
=& SN BERBFIMNZ S I TRODEAT, 4DBIX. RHMDY T ILIZHLT
TANETBHEE, 1DBEE2DBIET—42 Yy MEEEFRDAELSFEITD= . X
ATARTIE3DEEADBIZDWTERKFIEEBIZEZ AEME LT,
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a penalty for the parameters
(generalization)

* introduce a penalty term to cost function J(8).
— sum of squared parameters (L2-norm)

: 1 « i .
before:  j(9) = 2_E(h9(x( Y- y( 0%

i=1

Db )=y 42

after:  J(0)= 5 ||

2
o
i=1

—//v -

1
2m
6] =62 +62 +...+ 6,

beforel LI EIFET ILDARERHZDEDEEHB/LTINVD, NIZRFILTAIE
ELTL2-norm (L2/ )LL) ZBIL=E D AafterTH B, L2-normIE/N\TA—LD23E
THY. BNGA—FDOKRESITH LIBHBEISMAIRNENZ D, CORFILTA
Bk UT= £ CRIE/NTA—REFET TR D=8 iBIRIZKEL /NS A—L%
WMBIENDELGY  ERELTT Sy L TBEIZRIGLTERETILE
BEET ., BONGRETILELRIENEAFTES,

BENIZDORFIVTAIEEREFEANEDZE LB A THREBIT H/\(/3—/\T
A—BTHD, Tf=. BEEIRETILIZL2-normZENA =30 E) P RIBET IV
(Ridge Regression) EFE[XNTLVS,
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H X

(BB )RERBETILORE BFEEERROGTERFE
A ATEIT L5481 LIERR RHILTAIE (L2-norm) DEA
ETILORMHE EEFE2RFILT(DEA)
BREERRETIL~ADZEXET - RERYI— ISATHAY
)biﬂl(lgﬁgfi‘dlﬁ 7 ~ regression.py DLk
sEEE (RidgeRegression())

- RER)— ISRATHAY
r;?)mpy Tips(BE5IHE S . BELTT

datasets.py ~NZBERETILILIE
RS (h(x)=x+x2) DB N

BIRSA B L HB1ERER
datasets.py ~NZERET ILILER
BE B (h(x)=x+xA2+x3) DB

ERZ 1 = < & B ERERR

— RidgeRegression.fit() B
- RFITADNRREE

BERE
iﬁﬁ%ﬁ(ﬁ%ﬁ%)
— FIMza—FH

— scikit-learn SA7S5ZRW51=%

DIZREIE
— sklearn.cross_validation Z{#>7=
=HER

BEXH
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Policy of implementation 2

* don’t change LinearRegression() class.

— because the difference between
LinearRegression() and RidgeRegression() is only
fit().

* use class inheritance mechanism to
implement RidgeRegression().

Yy EGFETIVERZELTHLI, ZOFE. LinearRegression()IFZEELALVED &
T 5, HELEL, REEIFETILEYYDEIGETILOEL &t (DX MR
DHT=EM BT, ENLUNEELBE —7ED T, LinearRegression()Z &L T
RidgeRegression () 3L &9,
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[after2] Class design / How to use

# from numpy as np

# X = np.array([[1, 0.0], [1, 2.0], [1, 3.9], [1, 4.0]])

#Y = np.array([4.0, 0.0, 3.0, 2.0])

>>> import datasets

>>> X, Y = datasets.load_nonlinear_examplel()

>>> ex_X = datasets.polynomial3_features(X)

>>> import regression

>>> model = regression.RidgeRegression(alpha=0.5)

>>> model = regression.RidgeRegression() #default: alpha=0.1
>>> model.fit(ex_X, Y)

>>> model.theta

array([ 3.54259714, -1.24971967, -0.68925104, 0.23695052])
>>> model.predict(ex_X)

array([ 3.54259714, 0.1817578, 2.24085012, 2.68053522])
>>> model.score(ex_X, Y) # RSS

1.2816900115950909

https://github.com/naltoma/regression-test.git

REA. T—RIA=TH

VoV ENRETIVEREIRDFARERL TS, EERIFRFDOHTHS.

518 Dalphal IR FILTARIZH T HEHTHY. BIRDAEZZ L



Ridge regression &

>>> import importlib
(regression.py, ver. 5)  >>>importlib.reload(regression)
>>> model = regression.RidgeRegression()
>>> model.alpha
0.1

class RidgeRegression(LinearRegression):
alpha = None

def __init__(self, alpha=0.1):
self.alpha = alpha

def fit(self, input, output):
pass

U &FE T LinearRegressionZFH¥ &L . EHalphaZFIT 57=-60D __init_ BEAHZTRE
L7=. fitBIEIIRRASA R TEET 5,
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# testing

R|dge reg ression >>>importlib.reload(regression)
. >>> model = regression.RidgeRegression()
(regressmn.py, ver. 6) >>> model.fit(ex_X, Y)
>>> model.theta
array([ 3.54259714, -1.24971967, -

0.68925104, 0.23695052])

def fit(self, input, output):
XTx = np.dot(input.T, input)
| = np.eye(len(xTx))
selftheta = np.dot(np.dot(np.linalg.inv(xTx + self.alpha*I),

input.T),output) 0 = (XTX + aI)'l XTY
a = alpha
I =idendity _matrix —

B4 5

L2-normZEMA F-aARXMEAMER/N T ETHELERTARATDLIIZES, AT
SHEAHOMNMIBFTEHLTHELD,
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Effect of the penalty

* alpha=0 # == LinearRegression()
— theta: [ 4. -16.91430499 10.81072874 -1.67678812]
— score: 7.4647921109305001e-22

* alpha=0.1
— theta: [ 3.54259714, -1.24971967, -0.68925104, 0.23695052]
— score: 1.2816900115950909

* alpha=0.5
— theta: [ 2.52220383, -0.63725353, -0.63511135, 0.20043682]
— score: 3.2271319080413789

* alpha=1.0
— theta: [ 1.85895448, -0.43056141, -0.46106559, 0.1538384 ]
— score: 5.5987129498416079

* alpha=10.0
— theta: [ 0.33402625, -0.04968343, -0.04987846, 0.05004393]
— score: 14.342958761816003

)y ERET L CalphaZ ZE A TEB I RICH/EONT=/\TA—F2LXOT %
ZL7T=, alpha=0[ERFILTAIEB AN 0IZH S8, EEMIZEREIRETILER
FITi5,

alphaZ KEKL TULKERTTMNELLDED, CNIERFILTAIESDIR A NS
=R THS, TDAAT IYHETBHENIEIFRIYEFHL, B(CRaT7D
BLELZLEBELTIyPEIBETIILEVBREEBRBETILOADL R ELS BT
(FERYDTHEDOTEELLS,

INSA—BEEET BHE, BEEIBETILTIR2HTZR ST /35 A—4H, alpha
=0.1 TIXETIHTERFEIZIEY . alpha=10.0TIXE TNV A ELH>TLNBRIEMN
PNDo CDEIITNGA—FDREIZEFHIL., BONEETILEEBTLHIDOHNR
FTILTAIET=,
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Exercise

* preconditions
— X, Y = datasets.load_nonlinear_examplel()
— ex_X = datasets.polynomial3_features(X)

* lllustrate the samples and regression lines on
RidgeRegression() with alpha = {0, 0.1, 0.5, 1.0,

0}, |
2} ! — alpha=0 |
# code example om0
https://github.com/naltoma/regression-test.git I alpha = 1.0 ||
alpha = 10.0
:1 2

ST, REICEDSHWNEHOMZHE2>TNWDDOMNEZAHRIELTH LS. ETFTRD K
312, alpha=0, 0.1, 0.5,,,& alphaZ KEKL TLKELRDHHMEBIERICAE> T EN
]| TED,

CCTIEA—RFTRSEN, CO KGR ZEERT 53— FZET,



H X

- (BB RERRETILORE
o AHAIZEITH$EH LR
« ETFILOHEE

. EEBETILAD x£ET
N

« REEE1

- RER)— ISRATHAY
r;ij)mpy Tips(BESI#ES . BELTT

datasets.py ~NZBERETILILIE
RS (h(x)=x+x2) D180
BlRSA B &2 ERER
datasets.py A?ﬁK:ETlHﬁI
B (h(x)=x+x"2+xA3) MBI

ERZ 1 = < & B ERERR

BFEEERRZEEFER
RF T4 (L2-norm) DEA
REBE2(RFILTIDEA)

- RER)O— ISATHFAY

— regression.py DYL5E
(RidgeRegression())

— RidgeRegression.fit() BT

- RFILT1DENREREE
- BERE

%’532‘3(55%5&2)

- F#Ea—FH

— scikit-learn A7 S)ZEBWL\51=8%

DYSREIE
— sklearn.cross_validation Z{&E>7=
]

BEXH

BFEERTHHDEI—DNDIRTHD. TAND—HEI R ERHEE (HLIEIEK

ZREE) IZMBL T
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Some ways to avoid over-fitting

ready for HUGE dataset.

develop the dataset to quality. (more
noiseless)

penalize overly complex models.

— e.g., complex models = largest parameters

test the model’s ability on unseen dataset.
— e.g., cross-validation tests

33



Cross-validation

* scikit-learn: 3.1. Cross-validation: evaluating
estimator performance
— http://scikit-learn.org/stable/modules/cross_validation.html

— Learning the parameters of a prediction function and
testing it on the same data is a methodological
mistake: a model that would just repeat the labels of
the samples that it has just seen would have a perfect
score but would fail to predict anything useful on yet-
unseen data. This situation is called overfitting. To
avoid it, it is common practice when performing a
(supervised) machine learning experiment to hold out
part of the available data as a test set X_test, y_test.

http://scikit-learn.org/stable/modules/cross_validation.html

RERIMEITETILDRYUEHFRIITA-ODFEHD—DOTHH, ETILOR
LELZHSEICEE RO T —ITRILT A52&IE. AiERmELTELZERELIT
H5. BIZIX. ZEEDT—IEETRBSETHE. ZIUEENSIT—RITHL
TIFEEFENOSHBLTGRIT ISLETILERELTHITIE., BIZ2E T —2IIHRL
T100%DFFELED, NI EZE L= EIZEDDI=A5D,

CDEIGEBERTH-0, T—E3EVNEZBERETAMRICFORITTEE,
ZFEHICEZEET YDA EEZTitEE 5, FEROET ILEZFHET SR
[CIET AT =5ty bDH TEFHET 5.

BE.CODT—E2EIrDARITHIZTHLTULK DO AERNH D R D LSIZFH
FER-TAMNRERITTEETAHAREHR—ILEZ Dk (hold out) EFES, RRSA
FTIX, BITWSNELD A LM R EREEIZDULTERO TN S,
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K-fold cross-validation (K=5)

(step 2) The model.fit() is learned using K-1 folds
(4 folds), and the fold left out is used for test.

| | [

total dataset validation 1 test

C (step 1) divides all the validation 2 test

samples in K groups (folds)
of equal sizes, if possible.

validation 3 test

validation 4 test

validation 5 | test

RERIIZPWLTIX. TTF T2y 2kEDESIZHET B, kIT1—FHIEE
FTELENRHY ., ASARTIIk=5&LT=, BIZIEH 2 TILED 100 H S 5(X, 20
HUTINT DDSERIZHEITES,

DERIF IEEZTAMNRICELTHE. BYDKIEATEESIES, ChE LT
DA EHETPBIET, k=5HELIESEIDETILEEEFITLN, ETILT EIZRT
TZEHETAIENTES, RERMAZHIEIEERAaT7OEXEOHEEERRTIE
EWVEAS, LLETILDNBFELTWALELIE, EHMICENROTIZHST=Y, —
HOETILHIBIGRIZBLEST-YELALZS=YLTWWAIEAZLY,

FIRAFARITIZRLTWVEWA, KY—BREICITEERREC, FET—2ET
AT =BT BFHEZE LI T B 12 EE OB EL B MEELE TSI LIS
Y, WAL TRATAREL TODEILBEEICHE>TLVENI EDFI WA #1
D—2N 5, BT, 2HT—RHLTIFHELE T TLVEH, HIHEEESEIC
FANTF—AITRLTEITB oty . RAF7 A TFAYIRDHI=0LS, ZOHHET
BFBIHRYIED TOBENSHIEME LS,
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Example of K=2 cross-validation: crossvalidation.py

from sklearn import datasets
boston = datasets.load_boston()
x = boston.data

y = boston.target

half = int(len(x)/2)

import regression

model = regression.RidgeRegression(alpha=0.1)

# case 1: learn on the first half, test on the last half
model.fit(x[:half], y[:half])

score = model.score(x[half:], y[half:])

# case 2: learn on the last half, test on the first half
model.fit(x[half:], y[half:])

score += model.score(x[:half], y[:half])
print("RidgeRegression(alpha=0.1) score =", score)

#-> RidgeRegression(alpha=0.1) score = 78656.6246552
#-> RidgeRegression(alpha=1.0) score = 42334.1689238

- B4 5

k=2DRXEWRIE QPR EIRZERIEEMES) DaA—RHIFETRT , CCTIT—2 V%
BIZRASAANBTRHEL., NS E|[ZEOLTULK E, BRITELDIXE AT,
% Z Tscikit-learnMZA4 75 &FIBT B2 EIZLED,



Cross-validation using scikit-learn module (1/2)

update RidgeRegression class (regression.py, ver.7)
class RidgeRegression(LinearRegression):

# for scikit-learn
def get_params(self, deep=True):
return {'alpha':self.alpha}

# (OPTION) the coefficient of determination RA2.
# see sklearn.linear_model.Ridge().score()
# http://goo.gl/v93tNM
def score2(self, input, output):
u = ((output - self.predict(input)) ** 2).sum()
v = ((output - output.mean()) ** 2).sum()
return (1 - u/v)

scikit-learnD R ZEMRFEZ(FES(Z&HT=Y . get_paramsPFAMEREE T H2HELH 5,
NIZETFILTHET BNA/IN—INSA—REINET B-5HDLDT,

score2 FARI K THEEDOAL, CCTIFRATIZEHRALALGE R A ENHH ELSH

TRDT=8. scikit-learnD )y EIGFET IV THRASN TS Ra7EAHEEEL-HI
ZRLTULS,
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Cross-validation using scikit-learn module (2/2)

from sklearn import datasets . .

boston = datasets.load_boston() crossvalidation_sklearn.py
x = boston.data

y = boston.target

import numpy as np
ones = np.ones((len(x),1))
ex_x = np.c_[ones, x]

import regression
alpha=0.1
model = regression.RidgeRegression(alpha=alpha)

#from sklearn import cross_validation #will be removed in 0.20

from sklearn.model_selection import cross_val_score

scores = cross_val_score(model, ex_x, y, cv=10, n_jobs=-1)

print("*** Ridge(alpha=%0.2f) ***" % alpha)

print("scores=", scores)

print("mean score = %f (+/- %0.2f)" % (scores.mean(), scores.std()*2))

R EREE(E cross_val_score E21— )LEFALTEE TS, LD LSICED 21—
WEHEHIAH, BELIZETIVIZR S B THREIET 5D M EWLST=5 | #ZFIEELTE
T B TRIIZERADIENTES, /35 A—Emodel FAELE-ETILEDD
D, ex xbeyMT—2t Yk, cvlET—2E YD HENE, n_jobs|ECPUSOTHMNE
BHHEBEIZ. RARFATRERETHELV=WOEWLSIEEMNT-111, HIZ (Ep.35D
validation 1& validation 2 [, CPURAEYMNEWNTWVSELIEEIFIZETLTED
BWMET T, COXIEMITRIEZIEELTLNADH n_jobs THD,
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